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Abstract
The numbers of 2-connected and 2-edge-connected Steinhaus graphs with n vertices are deter-
mined for n¿ 6. The possible generating strings of 2-connected and 2-edge-connected Steinhaus
graphs are classi0ed.
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1. Introduction
Let T = a12a13 : : : a1n be an (n−1)-long string of zeros and ones. The Steinhaus graph
G generated by T has as its adjacency matrix the Steinhaus matrix A(G)= [aij], which
is completed by the following Steinhaus property:
aij =


0 if 16i= j6n;
ai−1; j−1 + ai−1; j (mod 2) if 1¡i¡j6n;
aji if 16j¡i6n:
In this case, T is called the generating string of G. A Steinhaus triangle is the
triangular part above the diagonal of a Steinhaus matrix and hence, is generated by
the 0rst row (which is the generating string) in the triangle. There are exactly 2n−1
generating strings which determine Steinhaus graphs of order n. The vertices of a
Steinhaus graph are usually labelled by their corresponding row numbers. The Steinhaus
graph generated by 11000 is shown in Fig. 1.
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Fig. 1. Steinhaus graph with the generating string 11000.
Steinhaus graphs are named in honor of Hugo Steinhaus who asked in [9] if there
is an n-long sequence of zeros and ones which generates a Steinhaus triangle with
the same number of zeros and ones. Harborth [7] answered this problem by show-
ing that for n≡ 0; 3 (mod 4), there are at least four generating strings of length n
that generate such triangles. Molluzzo [8] was the 0rst to form graphs from Stein-
haus triangles, but he examined the complements of what we call Steinhaus graphs.
The complements of Steinhaus graphs also have been studied in [3,6]. It is easy
to see that all Steinhaus graphs are connected except for the empty graph En gen-
erated by the sequence of all zeros (see [2]), but the complements can be
disconnected.
This paper is organized as follows: Some basic graph theoretical de0nitions and
equivalent expressions for 2-connected Steinhaus graphs are given in Section 2. In
Section 3, we enumerate the numbers of 2-connected and 2-edge-connected Steinhaus
graphs and we also classify the generating strings of such graphs.
2. Preliminaries
Let G be a graph. A component of G is a maximal connected subgraph of G.
A cut-vertex in G is a vertex whose deletion increases the number of components.
Similarly, an edge in G is a bridge if its deletion increases the number of components.
A pendent-vertex in G is a vertex of degree 1. Let G be a connected graph. Let W
be a set of vertices or a set of edges. If G −W is disconnected, then we say that W
separates G. We say that G is k-connected (k¿2) if no set of k− 1 or fewer vertices
separates it. Similarly, G is k-edge-connected (k¿2) if no set of at most k − 1 edges
separates it. We denote by (G) the minimum degree of G. Any de0nitions not given
here can be found in [1].
We now state the result of Dym Ia Jcek concerning 2-connected Steinhaus graphs.
Theorem 1 (Dym Ia Jcek [5]). Let n¿6. If G is a Steinhaus graph of order n with
(G)¿2, then G has no cut-vertices.
The proof of the above theorem is found in [5]. The following theorem is a conse-
quence of Theorem 1.
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Theorem 2. Let n¿6 and let G be a Steinhaus graph of order n di1erent from En.
Then the following statements are equivalent.
(1) G is 2-connected.
(2) G is 2-edge-connected.
(3) G has no pendent-vertices.
Proof. (1)⇒ (2) It is obvious.
(2)⇒ (3) Suppose that G has a pendent-vertex u, which is adjacent to v. Then G−uv
is disconnected. Hence G is not 2-edge-connected.
(3)⇒ (1) Suppose that G has no pendent-vertices. Since G is connected, (G)¿2:
By Theorem 1, G has no cut-vertices. Hence G is 2-connected.
Also, Dym Ia Jcek showed Theorem 2 in [4], independently.
3. 2-connected and 2-edge-connected Steinhaus graphs
Let G be a Steinhaus graph with n vertices generated by a12a13 : : : a1n: The partner
of G; P(G); is the Steinhaus graph generated by the reverse of the last column of
the adjacency matrix of G, i.e., an−1; nan−2; n : : : a1n. Note that a Steinhaus graph G is
isomorphic to its partner P(G) and the correspondence is vertex i to n − i + 1 for
i=1; 2; : : : ; n=2.
The aim of this section is to classify 2-connected and 2-edge-connected Steinhaus
graphs. By Theorem 2, it is suLcient to classify all Steinhaus graphs having a pendent-
vertex. In the following lemmas, we 0rst develop a relationship between pendent-
vertices and their adjacent vertices.
Lemma 3. Let G be a Steinhaus graph of order n with the adjacency matrix [apq],
and let k and l be pendent-vertices in G which are adjacent to i and j, respectively.
If 1¡k¡n or 1¡l¡n, then either k¿i; l¿j or k¡i; l¡j:
Proof. Without loss of generality, we can assume that 1¡k¡n. Suppose that it is not
the case that either k¿i; l¿j or k¡i; l¡j: Then k¿i; l¡j or k¡i; l ¿ j. First, we
consider the case k¿i; l¡j. Since k is a pendent-vertex which is adjacent to i, the
Steinhaus property gives
ai q=1 for i¡q6n: (1)
Case (i): l¿i. In this case, ail=1 by (1). Since l is a pendent-vertex and j is its
adjacent vertex, j= i(¡l): This gives a contradiction because l¡j.
Case (ii): l= i. If two pendent-vertices in a connected graph are adjacent, then the
graph is K2. Hence vertex l cannot be vertex i.
Case (iii): l¡i. By the Steinhaus property, al; k+1 =1= al; k−i+l. So the degree of l
is at least two, which is a contradiction since l is a pendent-vertex.
In the case k¡i; l¿j, we consider the partner P(G) of G. Then the same procedure
of the case k¿i; l¡j leads to a contradiction.
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Fig. 2. Pascal’s square of length 8.
Lemma 4. Under the same condition in Lemma 3, i is equal to j.
Proof. From Lemma 3, we see that either k¿i; l¿j or k¡i; l¡j: First, we consider the
case k¿i; l¿j. Without loss of generality, we assume that i6j. Since i6j¡l; ail=1
by (1). But now l is a pendent-vertex which is adjacent to j. So i= j. Next, we
consider the case k¡i; l¡j. By considering the partner of G, the proof of the case
k¡i; l¡j is the same as the 0rst case.
Lemma 4 says that even if G contains several pendent-vertices, then their adjacent
vertices are the same. To express a Steinhaus graph G with pendent-vertices, we use
the vertex which is adjacent to the pendent-vertices of G.
We denote by G(k; i) the Steinhaus graph of order n having a pendent-vertex k
which is adjacent to vertex i; that is, row k of its adjacency matrix is all 0’s except
for a 1 in column i and we set
S+n = {G(k; i) | 16i¡k6n} and S−n = {G(k; i) | 16k¡i6n}:
Let p(n) denote the number of Steinhaus graphs of order n having a pendent-vertex.
Then,
p(n)= |S+n ∪ S−n |:
Here, |X | denotes the cardinality of a set X .
We now present some facts concerning Pascal’s triangle modulo two. The rows of
the triangle are labelled R1; R2; : : : ; and so the rth element of Rp is
(p−1
r−1
)
(mod 2). If
Q is a string of zeros and ones, then Qs is the string Q concatenated with itself s− 1
times. For example, if Q=01, then Q4 = 01010101. Observe that R2m =12
m
because(2m−1
r
)
is odd for 06r62m − 1. Let Rpt =Rt0p−t for 16t6p. Then Pascal’s square
of length p consists of the p rows Rp1 ; R
p
2 ; : : : ; R
p
p (see Fig. 2).
Lemma 5. If n¿6, then
|S+n |= |S−n |=
n−1∑
i= 1
min{2m; n− i}
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Fig. 3.
for the nonnegative integer m such that 2m−1¡i62m. (Note that m= 
lg(i) where
lg(x)= log2(x):)
Proof. Note that S−n = {P(G) |G ∈ S+n }. So, |S+n |= |S−n |. Hence, it is suLcient to con-
sider the set S+n . Observe from Lemma 4 that G(k; i) =G(l; j) whenever i = j in S+n ,
but G(k; i) and G(l; i) may be the same even though k = l in S+n . So, we only need the
number of Steinhaus graphs in S+n having a pendent-vertex which is adjacent to a 0xed
vertex i for 16i6n− 1. Fix i for 16i6n− 1. Let m= 
lg(i) and so 2m−1¡i62m.
Let G(k; i) have the adjacency matrix [apq].
Case (i): n − i¿2m. Let k be an integer such that i¡k6i + 2m. Let s= (n −
k)=2m and so s2m6n− k¡(s+ 1)2m: For each t ∈{1; 2; : : : ; s}, we put Bt = [apq] for
p=1; 2; : : : ; i and q= k + (t − 1)2m + 1; : : : ; k + t2m and Bs+1 = [apq] for p=1; 2; : : : ; i
and q= k + t2m + 1; : : : ; n. By the Steinhaus property, every Bt is Pascal’s square of
length 2m from row 2m − i + 1 to row 2m and Bs+1 is the 0rst n− (k + s2m) columns
of B1. So G(k; i)=G(k + 2m; i)= · · · =G(k + s2m; i) (refer Fig. 3). Note that s + 1
is the number of pendent-vertices in G. So the number of Steinhaus graphs having a
pendent-vertex which is adjacent to i in S+n is 2
m. In Fig. 3: i=6; m=3; k =8; s=3;
and n=35.
Case (ii): n − i62m. In this case, G(k; i) =G(l; i) for i¡k = l6n. So the number
of Steinhaus graphs in S+n having a pendent-vertex which is adjacent to i is n− i.
So the number of Steinhaus graphs in S+n having a pendent-vertex which is adjacent
to i is min{2m; n− i}. Hence the proof of the lemma is completed.
Lemma 6. Let n¿6. Then
|S+n ∩ S−n |=
(n+2)=2∑
j= 2
"j;
where "j =
{
1 if 2lg( j−1) divides n− j + 1;
0 otherwise:
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Fig. 4.
Proof. First note that G(1; 2)=G(n; n − 1) since both represent the path (1; 2; 3; : : : ;
n − 1; n) and so "2 is always 1. Suppose that G(k; i)=G(l; j) where G(k; i)∈ S+n and
G(l; j)∈ S−n . We show that k = n and l=1:
Suppose that k = n or l =1. Then by Lemma 3, either k¿i; l¿j or k¡i; l¡j.
In the 0rst case, G(l; j) ∈ S−n and in the second case, G(k; i) ∈ S+n , both of which are
contradictions. Hence k = n and l=1 and so G(n; i)=G(1; j). Note that a1; c= c; j
(where c; j is the Kronecker delta) and hence ad; j+d−1 = 1 for 16d6n − j + 1:
In particular, an−j+1; n=1 and so an; n−j+1 =1. Therefore, i= n − j + 1 and hence
G(1; j)=G(n; n− j + 1). By the Steinhaus property,
ac; j =1 and ac; j−1 = 0 for 16c¡j; (2)
an−j+1; d=1 for n− j + 1¡d6n: (3)
If j− 1¿n− j+1 (or j¿(n+2)=2), then an−j+1; j−1 = 0 by (2) and an−j+1; j−1 = 1
by (3), which is a contradiction. Thus 26j6(n+ 2)=2.
Let r= 
lg(j − 1) and so 2r−1¡j − 162r . As depicted in Fig. 4, the Steinhaus
matrix A(G) mainly consists of copies of a deleted form of the 0rst 2r rows of Pascal’s
triangle. So, it is easy to see that n− j + 1= s2r for some s.
The proof of the converse is straightforward, i.e., G(1; j)=G(n; n− j+1) whenever
n− j + 1= s2r . In Fig. 4, this is illustrated for j=6; r=3; s=3, and n=29. Hence
the proof of lemma is completed.
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Table 1
n p(n) c2(n) n p(n) c2(n)
6 16 15 14 107 8084
7 24 39 15 123 16 260
8 31 96 16 138 32 629
9 41 214 17 157 65 378
10 50 461 18 174 1 30 897
11 62 961 19 194 2 61 949
12 75 1972 20 215 5 24 072
13 92 4003
By combining Lemmas 5 and 6, we prove the following Theorem.
Theorem 7. Let n¿6. Then the number p(n) of Steinhaus graphs of order n having
a pendent-vertex is
p(n)= 2
n−1∑
i= 1
i −
(n+2)=2∑
j= 2
"j;
where i = min{2m; n− i} with m= 
lg(i) and where
"j =
{
1 if 2lg( j−1) divides n− j + 1;
0 otherwise:
Consequently, by Theorem 2, we have the following result.
Corollary 8. The number of 2-connected and the number of 2-edge-connected Stein-
haus graphs of order n is
c2(n)= 2n−1 − p(n)− 1:
By this corollary we produce Table 1.
The following theorem describes the possible generating strings of Steinhaus graphs
which have a pendent-vertex.
Theorem 9. Let G be a Steinhaus graph of order n with the generating string T .
Then G=G(k; i)∈ S+n , in which k is the smallest pendent-vertex among the vertices
greater than i if and only if 16i¡k6min{i+2m; n} with m= 
lg(i), and T is of the
form UWsV where s= (n−k)=2m; W =R2m−i+10i−1; U is the (k−1)—long su7x of
0i−1W , and V is the (n−k−s2m)—long pre8x of W . Also, G=G(k; i)∈ S−n , in which k
is the smallest pendent-vertex if and only if 16k6min{2lg(n−i+1); i−1}¡i6n; and
T is of the form 0i−2X where X is the (n− i+1)—long pre8x of R2lg(n−i+1)−k+20k−2.
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Proof. Let 16i¡k6min{i + 2m; n} and let T be a string of the form UWsV where
U; V;W;m, and s are as de0ned in the statement of the theorem. Let G be the Steinhaus
graph generated by T whose adjacency matrix is [aj;l]: Using the properties of Pascal’s
square, it is easy to see that ai; j =1 for i¡j6n and aj; k+1 =1 for 16j6i. (Note
that the right-most i bits of U are 10i−1:) Thus vertices k; k + 2m; : : : ; k + s2m are the
pendent-vertices greater than i. Hence k is the pendent-vertex which is adjacent to
vertex i. Let 16k6min{2lg(n−i+1); i − 1}¡i6n and let T be a string of the form
0i−2X where X is de0ned in the statement of the theorem. Let G be the Steinhaus
graph generated by T whose adjacency matrix is [aj;l]. By the Steinhaus property,
aj;l=0 for 16j6l¡i and aj; i =1 for 16j¡i. Since row 1 (column i to column n)
is the 0rst n− i+1 positions of R2lg(n−i+1)−k+20k−2, row k (column i to column n) is
the 0rst n− i+ 1 positions of R2lg(n−i+1)+1. Thus k is the smallest pendent-vertex that
is adjacent to i.
Conversely, let G be a Steinhaus graph having a pendent-vertex and let k be the
smallest pendent-vertex in G which is adjacent to vertex i. First, we assume that
G=G(k; i)∈ S+n . Let m and s be as de0ned in the statement of the theorem. Since k
is a pendent-vertex, by the Steinhaus property, ai; j =1 for i¡j6n and aj; k+1 =1 for
16j6i. Thus i¡k6i+2m for otherwise k−2m is a pendent-vertex. Also, a1; k−i+1 =1
and a1; j =0 for k− i+26j6k: From these, it is easy to see that the generating string
of G is of the form UWsV where U; V , and W are de0ned in the statement of the
theorem. This is illustrated in Fig. 3 where s=3; W =10100000; U =0100000 and
V =101. Next we assume that G=G(k; i)∈ S−n . Since row k of the adjacency matrix
of G is all 0’s except for a 1 in column i, the Steinhaus property gives ai; j =1 for
16j¡i: Moreover, row k (from column i to column n) is the 0rst n− i+1 positions
of R2lg(n−i+1)+1. Thus 16k62
lg(n−i+1) for otherwise k − 2lg(n−i+1) is a pendent-
vertex, and row 1 (from column i to column n) must be the 0rst n − i + 1 positions
of R2lg(n−i+1)−k+20k−2. Hence T =0i−2X , as desired.
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